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Abstract
Since Kreps and Scheinkman's seminal article (1983) a large number of papers have
analyzed capacity constraints' potential to relax price competition. However, the ensuing
literature has assumed that products are either perfect or very close substitutes. Therefore
none of the papers has investigated the interaction between capacity constraints and
substantial local monopoly power. The aim of the present paper is to shed light on this
question using a standard Hotelling setup. The high level of product dfferentiation results in
a variety of equilibrium firm behavior and it generates at least one pure strategy equilibrium
for any capacity level. Thus the presence of local monopoly power challenges one of the
most general findings about Bertrand-Edgeworth competition: the non-existence of pure
strategy equilibria for some capacity levels.
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Kapacitáskorlátos árverseny jelentősen
differenciált piacokon
Somogyi Róbert

Összefoglaló

Kreps és

Scheinkman (1983)

úttörő cikke óta számos

tanulmány vizsgálta a

kapacitáskorlátok árversenyt korlátozó hatását, azonban szinte az irodalom egésze azzal a
feltevéssel

élt,

hogy

a

termékek

egymás

tökéletes

vagy

majdnem

tökéletes

helyettesítői. Ezért eddig a kapacitáskorlátok és a lokális monopolhelyzet kapcsolatával
érdemben nem foglalkoztak. Jelen tanulmány célja ennek a kérdésnek a vizsgálata egy
klasszikus Hotelling-modell keretében. A termékdifferenciáltság magas szintje esetén
bármilyen kapacitáspár mellett létezik tiszta Nash-egyensúly. Ez azt mutatja, hogy a
termékek jelentős differenciáltsága lényegesen megváltoztatja a vállalatok viselkedését,
hiszen a szokásos Bertrand–Edgeworth-oligopóliumok egyik legáltalánosabb jellemzője,
hogy bizonyos kapacitástartományokban nem létezik tiszta Nash-egyensúly.
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Introduction

The problem of capacity constrained pricing decision in oligopolies has received
considerable attention since Kreps and Scheinkman's seminal article (1983). Most
of the work in the eld of Bertrand-Edgeworth oligopolies focused on the case
of homogeneous goods and the capacities' potential impact of relaxing price
competition (some recent examples are Acemoglu et al. (2009), De Frutos and
Fabra (2011) and Lepore (2012)). However, assuming horizontally dierentiated
products beside the capacity constraints might lead to nontrivial and sometimes
counter-intuitive results. This observation was rst articulated by Wauthy (1996).
Product dierentiation in itself, just like capacity constraints, might be sucient
for rms to avoid the zero prots predicted by the standard Bertrand pricing model.
Boccard and Wauthy (2010) investigate exactly this kind of interaction between
capacities and Hotelling-type dierentiation and nd the absence of an equilibrium
in pure strategies for intermediate capacity levels. Canoy (1996) also analyzes a
similar Bertrand-Edgeworth model although he models product dierentiation in a
less standard way.

To our best knowledge, all Bertrand-Edgeworth models with dierentiated
product (apart from Canoy (1996)) make the following simplifying assumption: the
transportation cost is so small compared to the consumers' willingness-to-pay that
the rms could protably serve the whole market, even the consumer located at
its other extremity. This low level of product dierentiation in turn implies that
the market is always covered in equilibrium. Therefore these models do not have to
take into account the consumers' participation constraints as in equilibrium they
are never binding.

In

this

paper

we

investigate

the

interaction

between

the

local

monopoly

power and the capacities of rms. This interaction has so far been hidden by the
overly restrictive assumption of low product dierentiation. Our ndings about
the nature of equilibria are in striking contrast with the results of Boccard and
Wauthy (2010). In a comparable setting to ours, they nd that for low levels of
product dierentiation equilibrium in pure strategies does not exist for intermediate
capacities. Our main result is the complete characterization of the equilibria for
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the case of intermediate product dierentiation which shows that at least one pure
strategy equilibrium exists for any capacity level. We note that this result also
holds for the trivial case of high product dierentiation when both rms can act as
local monopolies without interacting.

It is also worth mentioning that the simplifying assumption of low levels of
product dierentiation is also prevailing in models of competition in health care
markets. Most of this literature that use Hotelling-type product dierentiation
assumes that the valuation of consumers is large with respect to the transportation
costs (see for example Lyon (1999), Gal-Or (1997) and Brekke et al. (2006)).
Another example of a model that uses (implicitly) the same assumption is Ishibashi
and Kaneko (2008) that describes price and quantity competition in a mixed
duopoly.

The paper is organized as follows. Section 2 describes the model, formulates the
prot function and identies the potential equilibrium strategies. Section 3 contains
the main result of the paper, the complete characterization of the equilibria. Section
4 discusses the results in the light of the existing literature and Section 5 concludes.

2

The model

2.1 Setting
We analyze a duopoly with rms denoted x and y that produce substitute products
for identical marginal cost

c. They choose a price pi (i ∈ {x, y}) for one unit of their

product. Assume the rms are located on the two extreme points of a unit-length
Hotelling-line (x at

τ = 0,

y at

τ = 1)

and transportation cost is linear. Moreover,

consumers are uniformly distributed along the line but are otherwise identical.
They all seek to buy one unit of the product which provides them a gross surplus

v.

The value of the outside option of not buying the product is normalized to 0. In

addition, the rms face rigid capacity constraints

kx , ky . The size of these capacities

as well as the value of the marginal cost are common knowledge. Firms' objective
is to maximize their prot by choosing their price.

3

A consumer located at point

τ

purchasing from rm

x

has a net surplus of

v − px − t · τ
while purchasing from rm

y

provides her a net surplus of

v − py − t · (1 − τ )
where

t

is the per unit transportation cost.

Assumption.

Assume

v/t ≤ 1.5,

i.e. the products of the rms are substantially

dierent from one another. Furthermore, to get rid of some trivial cases we will
assume

1 < v/t ≤ 1.5 and refer to it as intermediate

level of product dierentiation.

Boccard and Wauthy (2010) analyzes a similar setting as ours, the key dierence
being the level of product dierentiation. They restrict their attention to situations in
which products are very similar, namely
case of

v/t > 1.5

v/t > 2 (we can extend their ndings to the

as shown later). Below we argue that this simplifying assumption

has a surprisingly large impact on the nature of the equilibria, hence extending the
analysis to the case of intermediate capacity levels provides new insights into the
mechanisms of capacity constrained oligopolies.

2.2 The prot function
Assuming rational consumers the following two constraints are straightforward. The
participation constraint (PC) ensures that a consumer located at point

τ

buys from

rm x only if her net surplus derived from this purchase is non-negative:

v ≥ px + t · τ

(PC)

The individual rationality constraint (IR) ensures that a consumer located at
point

τ

buys from rm x only if this provides her a net surplus higher than buying

from the competitor:

v − px − t · τ ≥ v − py − t · (1 − τ )
Let

(IR)

Tx be the marginal consumer who is indierent whether to buy from rm x or
4

not. In the absence of capacity constraints it is easy to see that
the solutions of the binding constraints (PC) and (IR). Let

Tx

Tx

is the minimum of

be the consumer for

whom both of the above constraints are binding. Thus this consumer is indierent
among buying form x, buying from y and not buying at all. The net surplus being
decreasing in the distance from rm x implies that (PC) is binding for
(IR) is binding if

Tx ≥ T x .

Tx ≤ T x

and

(Symmetric formulas apply to rm y.) Hence we know

that in case capacities are abundant,

px =


v − t · Tx

if

Tx ≤ T x ,

p + t − 2 · t · T
y
x

if

Tx ≥ T x .

(1)

Naturally, the existence of capacity constraint means for rm x that it cannot
serve more than

kx consumers. We assume that after each consumer chooses the rm

to buy from (or not to buy), rms have the possibility to select which consumers
to serve and they serve those who are the closest to them. In our setting this corresponds to the assumption of ecient rationing rule, which is extensively used in the
literature. Therefore the additional constraints caused by the xed capacity levels
can be written as:

Tx ≤ kx

1 − Ty ≤ ky

and

(CC)

It is important to notice that in some cases, when rm y is capacity constrained,
rm x can extract a higher surplus from some consumers by knowing that they
cannot purchase from the rival even if they wanted to since rm y does not serve
them. Practically, this means that the participation constraint (PC) will always be
binding on



T x , 1 − ky whenever this interval is not empty, i.e. whenever the rival's

capacity is suciently small:

ky ≤ 1−T x . Using this observation, one can reformulate

(1) for any capacity level:

px =


v − t · Tx

if

Tx ≤ max{T x , 1 − ky } ,

p + t − 2 · t · T
y
x

if

Tx > max{T x , 1 − ky }

(2)

Firms' prot can be simply written as:

πx = (px − c) · Tx
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(3)

Given the competitor's capacity and its price choice, determining the unit price

px

is equivalent to determining the marginal consumer

Tx .

The observation that

prices and quantities can be used interchangeably will simplify the solution of the
model, this technique is also used by Yin (2004).

(3) can thus be rewritten as


π LM = (v − t · Tx ) · Tx
x
πx (Tx ) =
π C = (p + t − 2 · t · T ) · T
y
x
x
x

if

Tx ≤ max{T x , 1 − ky },

if

Tx > max{T x , 1 − ky }

The optimization problem of the rm consists of nding the value

Tx

(4)

which

maximizes the above expression satisfying the capacity constraint (CC). The
superscript LM stands for Local Monopoly because the rm extracts all the
consumer surplus from the marginal consumer when (PC) binds. Similarly, the
superscript C stands for Competition since the marginal consumer is indierent
between the oer of the two rms whenever (IR) binds.

2.3 Potential equilibrium strategies
Dene

TxLM = arg maxTx πxLM

and

TxC = arg maxTx πxC ,

the values at which the two

quadratic curves attain their maxima, hence they are local maxima of the prot
function

πx (Tx ).

The relative order of the ve variables

TxLM ,

TxC ,

1 − ky

T x,

and

kx

is crucial in solving the maximization problem. The main diculty in the solution
of the rms' maximization program is twofold. On the one hand, the prot function
is discontinuous whenever

ky ≤ 1 − T x

and kinked otherwise. On the other hand,

the values

Tx =

py − v + t
t

and
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TxC =

py + t
4t

depend on the choice of the other rm,

py .

The following lemma simplies the

solution considerably.

Lemma 1.
TxLM ≤ T x implies TxC ≤ T x and TxC ≥ T x implies TxLM ≥ TxC ≥ T x .
The proof of the lemma is relegated to the Appendix. The form of rm x's prot
function hinges on the relative order of

Tx

and

1 − ky .

Therefore in the following

discussion we will separate two cases: In Case A the capacity of rm y is relatively
large,

1 − ky < T x .

In Case B

1 − ky ≥ T x

which means that rm x may be able to

take advantage of the fact that its adversary is relatively capacity constrained.

Case A: 1 − ky < T x .

When the capacity of rm y is relatively large, (1) shows

the relation between the price
marginal consumer

Tx ).

px

charged by rm x and its demand (captured by the

Using Lemma 1 three dierent subcases can be identied

depending on the parameter values of the model and the competitor's choice.

Lemma 2. Assume 1 − ky < T x .
(A1) if TxLM ≤ T x then the optimal choice of rm x is min(TxLM , kx ),
(A2) if TxC ≥ T x then the optimal choice of rm x is min(TxC , kx ),
(A3) if TxC ≤ T x ≤ TxLM then the optimal choice of rm x is min(T x , kx ).
Considering Lemma 1 it is easy to see that cases A1, A2 and A3 provide a
complete partitioning of Case A. Hence for any parameter values in Case 1 and for
every possible behavior of the competitor, the lemma identies the best response
strategy of rm x. Symmetric formulas apply for rm y. The complete proof of this
lemma is relegated to the Appendix.

However, for an intuition, rst notice that the two branches of the prot
function,

πxLM

and

πxC

each other at 0 and at

are both quadratic functions of

T x.

Tx

Then depending on the values

that by denition cross

t, v

and

Ty

one of the

three possibilities above will hold. As an illustration of Case A2 when
see Figure 1. Using Lemma 1 the condition of the case

TxC ≥ T x

TxC < kx

immediately

LM
≥ T x . We know that the prot function is composed of the function
implies Tx
πxLM on the interval [0, T x ] then it switches to function πxC . The actual prot
7

C
Figure 1: Illustration of Case A2 (Tx

< kx )

π
•
• •

πC

1-ky

Tx TxC

TxLM

π LM

Tx

kx

function is thus the thick (red) curve in the gure. Then using the gure it is
straightforward to nd the optimal choice of rm x. Since the two quadratic and
concave functions cross each other before either of them reaches its maximum,
the maximal prot will be attained on the second segment where
denition,

arg maxTx πxC = TxC

πx = πxC .

is the optimal choice, and the assumption

By

TxC < kx

makes this feasible.

Case B: T x ≤ 1 − ky .

In Case B, the rival of rm x disposes of relatively low ca-

pacity. Therefore rm x might be inclined to take advantage of the fact that rm y is
not capable of serving consumers located on the interval [0, 1 − ky ]. On this segment
rm x does not have to care about its competitor's price and the individual rationality constraint (IR), it is only threatened by some consumers choosing the outside
option of not buying the product (PC) and eventually by its own capacity constraint.

Lemma 3. Assume T x ≤ 1 − ky . Then
(B1) if TxLM ≤ T x then the optimal choice of rm x is min(TxLM , kx ),
(B2) if T x ≤ TxC ≤ 1 − ky then the optimal choice of rm x is
min(1 − ky , TxLM , kx ),
8

(B3) if T x ≤ 1 − ky ≤ TxC then the optimal choice of rm x is
either min(1 − ky , kx ) or min(TxC , kx ),
(B4) if TxC ≤ T x ≤ 1 − ky ≤ TxLM then the optimal choice of rm x is
min(1 − ky , kx ).
(B5) if TxC ≤ T x ≤ TxLM ≤ 1 − ky then the optimal choice of rm x is min(TxLM , kx ).
Notice that case B1 corresponds exactly to case A1 of Lemma 2 and B5 also
describes a very similar situation. However, the other cases are aected by the
limited capacity of the rival rm. The case closest to case A2 pictured above is case
B2. The only dierence is in the size of the rival rm's capacity, here it is assumed
to be much smaller. As an illustration of this situation, see Figure 2 (where we
assumed

kx

large in order to draw a clearer picture). As is clear from the gure and

true in general,

πxLM (τ ) > πxC (τ )

whenever

τ > Tx

i.e. to the right of the crossing

point of the two curves. Hence the prot function is not only non-dierentiable
as in the above case, it is also discontinuous at

TxC ≤ 1 − ky ≤ TxLM

immediately implies that

1 − ky .

1 − ky

Therefore the assumption

is the optimal choice of rm

x, i.e. it produces up to the capacity of the other rm. The prot curve and the
optimal solution are shown in thick (red) on Figure 2.

The most interesting case is arguably B3 where 3 dierent best replies may arise
depending on the exact parameters of the model and the competitor's choice. This
is also the most problematic case in Boccard and Wauthy (2010) in the sense that
this discontinuity inhibits the possible existence of pure strategy equilibrium. As we
will show below, case B3 never arises in equilibrium when assuming intermediate
levels of product dierentiation.

The next section describes the numerous equilibria of the game using the conditional best replies of rms described above.

3

Equilibria

In this section we will determine which kinds of equilibria may arise in the
intermediate

product

dierentiation

case

as

and the other parameters of the model (v and

9

a

t).

function

of

rms'

capacities

The calculations will be based

Figure 2: Illustration of Case B2 (1

− ky < TxLM < kx )

π
•

•

• •

πC

Tx TxC 1-ky TxLM

π LM

Tx

kx

on the results of Lemmas 2 and 3 that describe the rms' conditional best responses.

As is clear from those lemmas, there are 5 potential equilibrium strategies for
both rms:

TxLM ,

TxC ,

T x,

1 − ky

and

kx

The exercise of nding all equilibria consists of comparing the conditions for potential equilibrium strategies (described in cases A1-A3 and B1-B5) of rm x to those
of rm y one-by-one and determining whether the conditions are compatible. In case
they are, we also have to formulate the conditions in terms of the parameters of the
model. Since the cases described in the two lemmas are exhaustive, this method nds
all the existing equilibria of the game. These case-by-case calculations are by nature
tedious so we relegate them to the Appendix. The following proposition summarizes
the main result of the paper.

Proposition 1. For intermediate levels of product dierentiation, i.e. for 1 <
v/t ≤ 1.5 there exists at least one equilibrium in pure strategies for any capacity pair
(kx , ky ). The nature of the equilibria depends on the relative size of the capacity levels,
and the relative value of consumers' willingness-to-pay v and their transportation
cost t.
Proposition 1 is in striking contrast to most of the existing results about
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Figure 3: Equilibria with substantial product dierentiation (1

< v/t ≤ 1.2)

kx , TyLM

1

kx , 1 − kx

ky

v
2t

1−

T x, 1 − T y

v
3t
v
3t

1 − ky , ky
kx , ky

1−

v
2t

TxLM , ky
1−

v
2t

v
3t

1−

v
3t

v
2t

1

kx

Bertrand-Edgeworth oligopolies. The usual nding in the existing literature is
that there is at least one region of capacity levels for which there does not exist a
pure strategy equilibrium. This clearly shows that the presence of substantial local
monopoly power changes Bertrand-Edgeworth competition drastically. Even Boccard and Wauthy (2010) who investigate the case of slightly dierentiated products
face the problem of non-existence of pure strategy equilibrium, indeed, their main
contribution is a partial characterization of the mixed strategy equilibrium.

We provide a complete characterization of the equilibria of our model. Figure 3
illustrates the dierent types of equilibria that arise as a function of the parameters.
For simplicity the gure depicts only the case of
case of

1.2 < v/t ≤ 1.5

1 < v/t ≤ 1.2.

(The complement

is qualitatively equivalent, the same type of equilibria arise,

the only dierence is in the ordering of the dierent values on the axes.)

The capacities of rm x and y are shown on the horizontal and the vertical axis,
respectively. The values written in every parameter region show the equilibrium
strategy of rm x and y, respectively. Note that the gure is symmetric which is
sensible since apart from their capacities the rms are identical.
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Capacity constrained equilibria
ky

are both very low (kx

+ ky < 1)

The simplest case is the one where

kx

and

which inhibits the interaction between the two

rms. Consequently they maximize their prots independently by producing up to
their capacity. Therefore

(kx , ky )

is the unique equilibrium in this region. Assuming

a similarly low capacity for rm y (ky

< 1 − 2tv ) but a larger one for rm x (kx ≥

v
),
2t

one gets to the region where rm x cannot protably increase its production and
implements its unconstrained local monopoly prot

TxLM =

v
. Hence
2t

(TxLM , ky )

is

the unique equilibrium here.

Capacity constrained secret handshake equilibria

The most interesting

region is arguably the one where the capacity of one rm is not very low but not
very high either (max(1

−

v v
, )
2t 3t

< ky < min(1 −

is sucient to cover the market (kx

+ ky ≥ 1).

and rm x deciding to serve the remaining

v v
, )) and the industry capacity
3t 2t

Firm y producing up to its capacity

1 − ky

consumers is a pure strategy

equilibrium of this region. Notice that the size of their capacity would allow rms to
enter into direct competition, however, it would not be protable for rm x. Instead
it prefers to match the residual demand of the market. Essegaier et al. (2002)
nd similar equilibrium behavior in their model with heterogeneous demand and
call it a secret handshake equilibrium. Notice that in the triangle-shaped region

kx , ky < min(1 −

v v
, ) and
3t 2t

kx + ky ≥ 1

either rm producing up to its capacity

with the other one engaging in the secret handshake constitutes an equilibrium.
Thus in this region 2 pure strategy equilibria coexist with mixed strategy equilibria.

Unconstrained secret handshake equilibria
large (kx , ky
As

Tx

> min(1 −

depends on

consumer (T x

py

Lastly, when both capacities are

v v
, )) there is a continuum of equilibria in pure strategies.
3t 2t

and thus on

Ty

and vice versa, the location of the indierent

= 1 − T y ) may take any values in between max(1 − 2tv , 3tv ) and min(1 −

v v
, ). Furthermore, these equilibria could also be described as a type of secret
3t 2t
handshake since here

T x + T y = 1 holds so the market is exactly covered by the two

rms. We also note that the multiplicity of equilibria is a standard result for Hotelling
models with substantial product dierentiation without capacity constraints, so its
presence is natural for the case of abundant capacities.
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4

Discussion

To see how our results are related to the existing literature, it is worthwhile comparing the case of intermediate capacity levels with varying degrees of product differentiation:

i
ii

v/t = ∞:

mixed strategy equilibria with continuous support

2 < v/t < ∞:

mixed strategy equilibria with nite support

iii

1.5 < v/t ≤ 2: mixed strategy equilibria with a support consisting of 2 strategies

iv

1 < v/t ≤ 1.5:

v

v/t ≤ 1:

nontrivial pure strategy equilibrium

trivial pure strategy equilibrium

(i) is the case of homogeneous goods which is the seminal result of Kreps and
Scheinkman (1983). (ii) is the main result of Boccard and Wauthy (2010). Furthermore, they prove that the number of atoms used in equilibrium is decreasing in
(iii) is the extension of this result, when

1.5 < v/t ≤ 2

v/t.

we can show that one rm

uses a pure strategy to keep the other rm indierent between choosing 2 prices,
hence this rm uses a mixed strategy. (iv) is our main result, for intermediate capacity levels the number of atoms used in equilibrium reduces to 1. Although (v) is
trivial, it respects the continuity of the evolution of the equilibrium as a function of
the degree of product dierentiation.

5

Conclusion

We analyze a Bertrand-Edgeworth duopoly with exogenous capacity constraints and
a non-negligible degree of product dierentiation. The complete characterization
of the model's equilibria was feasible and showed that there exists at least one
pure strategy equilibrium for any capacity level. This contrasts with the usual
result of existing Bertrand-Edgeworth models that nd the nonexistence of such
equilibria for some capacity levels. Thus our main nding illuminates the importance of local monopoly power in the price setting of capacity constrained industries.
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Appendix
Proof of Lemma 2

It is easy to see that

TxLM =
Then for any

v
,
2t

Tx =

py − v + t
t

TxC =

and

py + t
.
4t

t>0
TxLM ≤ T x ⇐⇒

v
py − v + t
3
≤
⇐⇒ py ≥ v − t
2t
t
2

and similarly

py − v + t
4
py + t
≤
⇐⇒ py ≥ v − t
4t
t
3

TxC ≤ T x ⇐⇒
also

TxLM ≤ TxC ⇐⇒

v
py + t
≤
⇐⇒ py ≥ 2v − t
2t
4t

This proves the two parts of the lemma for any

v > 0.

Proof of Lemma 3
(A1) First assume

T x.

TxLM < kx .

By denition

TxLM

By Lemma 2 the condition

TxLM < T x

implies

is the prot maximizing quantity on the

πxLM

TxC <
curve.

Hence

πxLM (TxLM ) ≥ πxLM (T x ) = πxC (T x ) ≥ πxC (τ )
where the last inequality holds because

TxC < T x

for all

means that

τ > Tx
πxC

is decreasing

on the interval in question.

kx

is clearly the optimal choice when

TxLM ≥ kx

as

πxLM

is increasing up to

TxLM .
(A2) is proved in the main text.
(A3) Assume

T x < kx .

Firstly,

TxC ≤ T x

implies that

πxLM (T x ) = πxC (T x ) ≥ πxC (τ )
14

for all

τ > Tx

Secondly,

T x ≤ TxLM

implies that

πxLM (τ ) ≤ πxLM (T x ) = πxC (T x )

for all

τ < Tx
Tx

This means that the prot function is increasing up to

kx

decreasing. Again,
increasing up to

is clearly the optimal choice when

and then it is

T x ≥ kx

as

πxLM

is

T x.

Proof of Lemma 4
(B1) The proof of case (B1) is identical to the proof of case (A1) above.
(B2) is proved in the main text.
(B3)

T x ≤ 1 − ky ≤ TxC

implies that rm x must compare

πxLM (1 − ky )

which are the two local maxima of the prot function, except if

kx

to

πxC (TxC )

is low, then

the capacity might be the optimal choice.
(B4) Given the condition
prot function

πxLM

πxLM (1

πxC (1

− ky ) >

(B5) Given the condition

T x < 1 − ky , the constraint (PC) binds on [0, 1 − ky ]. The
is increasing up to

− ky )

1 − ky

since

TxLM > 1 − ky .

C
and also πx is decreasing above

T x < 1 − ky ,

1 − ky .

the constraint (PC) binds on

LM
The unconstrained optimum at Tx
(<

1 − ky )

Moreover,

[0, 1 − ky ].

is feasible for x whenever its

capacity is suciently large.

Proof of Proposition 1

The proof builds heavily on the results of Lemmas

3 and 4 that identify parameter regions in which one of the 5 potential equilibrium strategies dominate any other strategy for a given rm. In the following
we check the conditions of the 15 possible combinations of the potentially dominating strategies of the two rms and determine whether they are compatible or not.

Firstly, notice that any case where

kx + ky ≤ 1

is trivial: the rms do not have

sucient capacity to cover the market, they can never enter into competition. Hence
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πi = πiLM

and the only possible equilibrium is both rms playing

TxLM :

Consider the 5 cases in which rm x plays

TyLM :

When rm y plays

TyLM

min(TiLM , ki ).

both rms play

v/2t

and their price is equal to

px =

py = v/2. This may only happen if the conditions of (A1) or (B1) are satised
for both rm. Those conditions imply

1

ei > 23 v − t

which in turn implies

v/t <

which contradicts our main assumption of intermediate degree of product

dierentiation. Therefore this case will never arise in equilibrium.

TyC :

Firm x playing

TxLM

while rm y plays

TyC

can never happen since by deni-

tion this would entail (IR) binding for rm y and slack for rm x which is a
contradiction.

T y:
1 − kx :

Firm y cannot play
Firm y playing

Ty

1 − kx

latter induces

for the same reason it cannot play
is incompatible with x playing

TyC .

TxLM .

Notice that the

v
v
< kx ⇐⇒ 1 − kx < 1 −
= Ty
2t
2t

where the last equality follows from

px = v/2.

tradicts with (B2), (B3) and (B4) so

1 − kx

But the inequality above concan never be optimal for rm

y.

ky :

Firm y playing

ky

is the only case that arises in equilibrium when rm x plays

TxLM . Notice that px = v/2 and py = v − t ·ky . The optimality conditions imply
ky < 1 − v/2t.

Also, it is easy to see that

1 − TyC < 1 − T y < 1 − TyLM
which means by Lemma 4 that y should play
it is indeed optimal for rm y to play

min(T y , ky ). Since T y = 1 − v/2t

ky .

LM
The conditions for a (Tx
, ky )-type equilibrium are hence the following:

v/2t

and

ky < 1 − v/2t.

kx >

Notice that these are exactly the conditions required

for case (B5).
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1 − ky .

Now consider the 4 cases where rm x plays

(The remaining fth such case

is symmetric to one case analyzed above.) This may only be optimal for the rm
if one of the conditions (B2), (B3) or (B4) holds. Notice that it is common among
these conditions that
so

T x ≤ 1 − ky ,

moreover,

1 − ky

is only played when (PC) binds

px = v − t · (1 − ky ).

ky :

ky , py = v − t · ky

If rm y plays

py < 34 v − t

TxC < 1 − ky

and

not compatible with

which imply

1 − v/3t < ky < 1 − v/3t

πxLM (1 − ky ) > πxC (TxC ) which is equivalent to

(v + t(1 − ky ))2
− (v − (1 − ky )(1 − ky )) ⇐⇒ 0 > [v − 3t(1 − ky )]2
8t

which is impossible, so (B3) is also incompatible with

ky .

Conditions for (B4) are in turn compatible with y playing
for a (1

− ky , ky )-type
max(1 −

T y:

so (B2) is

ky .

Conditions for (B3) require that

0>

always holds. Conditions for (B2) imply

ky .

The conditions

equilibrium are the following:

v v
v v
, ) < ky < min(1 − , )
2t 3t
3t 2t
Ty

Notice that when rm y plays

kx + ky > 1.

and

and rm x plays

1 − ky , T y = ky

so the

cut-o value for rm y exactly coincides with its capacity. This means that
this case is identical to the one above.

TyC :

Notice that

TyC

is only played by rm y if

which is equivalent to

ky < v/3t.

also necessary. This shows that

1 − kx :

Firm y playing

which implies

TyC < ky

which entails

However,

TyC

px < 43 v − t
ky > v/3t

is incompatible with rm x playing

is

1 − ky .

1−kx is incompatible with x playing 1−ky . Notice that T y = ky

and

T x = kx . Moreover, the optimality of these strategies requires T x ≤ 1 − kx

and

T y ≤ 1 − ky

which then entails

kx , ky ≤ 1/2

Now consider the 3 cases when rm x plays

T y:

TyC > T y

Notice that when rm y plays
optimality translate to

Ty

which is impossible.

T x.

and rm x plays

px + py = 2v − t
17

and also

T x,

4
v
3

the conditions of

− t < py <

3
v
2

− t.

Furthermore, conditions concerning the capacities require

kx , ky ≥ min(1 −

v v
, ).
3t 2t

ky :

ky

Firm y playing

and rm x playing

Tx

is possible only if

ky = T y

otherwise

the (IR) constraint would bind for the one rm but not for the other. If this
is true, the case is naturally identical to the case above.

TyC :

Firm y playing

TyC

is impossible when rm plays

T x because then the constraint

(IR) would be binding for rm x and slack for rm y which is a contradiction.

Now consider the 2 cases when rm x plays

TyC :

TxC .

Both rms playing the competitive strategy leads to

px = py = t

and both

rms serving exactly 1/2 of the market. However, this requires product differentiation to be low,

v/t > 1.5

which case is not the object of the present

paper.

ky :

Firm y playing

ky

and rm x playing

TyC

is possible only if

ky = TyC

otherwise

the (IR) constraint would bind for the one rm but not for the other. If this
is true, the case is naturally identical to the case above.

The remaining case is when both rms play up to their capacity. Of course this is
impossible when

kx +ky > 1. Otherwise the (kx , ky )-type equilibrium is played which

is already described above.
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