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Multiwinner Elections

Setting:
o Set of candidates C = {c1,...,cm},
e Collection of voters V = (vi,...,v,),

@ Each voter has preferences over candidates.

Goal:

@ Select K candidates that would satisfy the voters most.

Piotr Skowron Multiwinner Election Rules: Axioms and Applications



Preferences as Rankings
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Preferences as Approval Ballots
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Multiwinner Elections: the Challenge

Select K candidates that would satisfy the voters most. I
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Multiwinner Elections: the Challenge

Select K candidates that would satisfy the voters most. I
The Problem
It is absolutely unclear how to do that.
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Applications: Shortlisting

Yy v

Goal: We want to select a collection of high-quality individuals
(here, voters are, e.g., reviewers).

§
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Applications: Facility location
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Goal: Selecting locations for set of facilities (e.g., hospitals, fire

stations, markets, etc.).
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Applications: Selecting a Representative Body, e.g., a
Parliament

Wz

ISES

Goal: We want to select a set of candidates that well represent the
population.
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Multiwinner Elections: the Challenge

The Question
How should we select candidates for each of these applications?

Piotr Skowron Multiwinner Election Rules: Axioms and Applications



Multiwinner Election Rules: Approval Voting

@ A voter j approves a set of candidates A;.

@ The score of each candidate is the number of voter who

approve him or her.

@ The K candidates with the highest score form a winning

Vi
Vg:

Vs

committee.
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score(_?') =2

score(;) =4
score(k‘“})&) =4
score(}) =3
score(‘?) =1
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Multiwinner Election Rules: PAV

@ A voter j approves a set of candidates A;.
[SNA;| 1

e Satisfaction of voter i from committee Sis > .~ ;""" =

@ The committee with the highest total sat|sfact|on wins.

($37)

Va: {’}’?rﬁ % @} satisfaction(Vq) =1

Vs: {}%} satisfaction(V2) = 1+ /24 1/3
, satisfaction(V3) = 1+ 1/2

Va: { %} satisfaction(Vs4) =0

Vs { % &}} satisfaction(Vs) = 1 4 1/2

total satisfaction = 55/6
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Multiwinner Election Rules: Chamberlin—Courant

@ A voter j approves a set of candidates A;.
@ Voter i approves committee S if SN A; # 0.

@ The committee approved by most voters wins.

v {i3) s={A%}
Va: {V} 2 M} satisfaction(Vq) =1
Vs: { }é} satisfaction(V,) =1
. satisfaction(V3) =1
Va: { ﬁ} satisfaction(Vy) = 1
Vs {% %}} satisfaction(Vs) = 1
total satisfaction =5
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Multiwinner Election Rules: Chamberlin—Courant

Under the Chamberlin—Courant rule each voter has a single
representative within a committee. We wish to have a committee
for which as many voters as possible approve their representatives.
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Multiwinner Election Rules: Monroe

The same as Chamberlin—Courant but we require each committee
member to represent at most [7/K] voters.
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total satisfaction = 4
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Multiwinner Elections: the Challenge

The First Problem

It is unclear how to select K candidates that would satisfy the
voters most.

But also ...
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Multiwinner Elections: the Challenge

The First Problem

It is unclear how to select K candidates that would satisfy the
voters most.

But also ...

The Second Problem
It is unclear what the aforementioned rules really do.
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What do Multiwinner Rules do?:
the Apportionment (Party-List) Profiles

Assume we can partition:

@ the set of candidates C into pairwise disjoint sets Cy, ..., Cp,
and
@ the set of voters V into pairwise disjoint groups Vi,..., V,.
so that:

@ the voters from V; approve the candidates from C;.
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The Apportionment (Party-List) Profiles: PAV

50 voters: 1 2 3 Cy Cs Co C7 Cg Co C10

30 voters: 11 Ci2 €3 Cl4 Cs5 C6 C17 €18 Cl9 C20

10 voters: C1 € €3 C4 C5 Cp C7 Cg C9 C30

10 voters: €31 C32 €33 C34 C35 C36 €37 C33 C39 C40
S=90
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The Apportionment (Party-List) Profiles:

PAV

50 voters:
30 voters:
10 voters:
10 voters:

C1 (&) a3 Ca Cs5

Cl1 Ci2 €13 Ci4 C15
C1 C2 3 C4 Cp
€31 €32 €33 C34 C35

score(cy) = 50
score(c11) = 30
score(cp1) = 10

score(csz1) = 10

C6

C16
€26
C36

7

C17
7
C37

Cg

C18
€28
€38

Cy

C19
€29
€39

C10
€20
C30
Ca0
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The Apportionment (Party-List) Profiles: PAV

50 voters:
30 voters:
10 voters:
10 voters:

C1

(o}
1
31

() C3 Ca Cs Co C7 Cg Co

Cl2 €G3 G4 G5 G C7 G Ci9

Cxo (3 (4 C5 Cp C7 C8 C29

€32 (€33 (€34 (G35 (36 C37 (38 (39
S={a}
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The Apportionment (Party-List) Profiles:

PAV

50 voters:
30 voters:
10 voters:
10 voters:

C1

(o}
1
31

(&) c3
Ci2 ¢C13
Cn 3
€32 (33

S =
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Cs Co 7 Cs C9
Cis C6 Ci7 Ci8 Ci9
G G Co7 C28 C29

G35 €36 €37 €38 (39
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The Apportionment (Party-List) Profiles: PAV

50 voters:
30 voters:
10 voters:
10 voters:

C1

C11
1
31

Co C3 Ca Cs Co (or4 Cg Co

Cl2 €G3 Ci4 €5 G C7 C8 Ci9

€ (3 (4 C5 C6 C27 C28 (29

C32 (€33 (€34 (35 C36 C37 (38 C39
S={c,cu}
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The Apportionment (Party-List) Profiles: PAV
50 voters: C1 (&) 3 Cy Cs Co (or4 Cg Co C10
30 voters: Ci1 Ci2 €13 Ci4 Cs5 C6 Ci7 Cig Ci9 €0
10 voters: €1 €2 €3 Cu4 Cp Cp C7 Cg C9 C30
10 voters: €31 €32 €33 C34 C35 C36 C37 C3g C30 Ca0
S={a,ai}

score(cp) = 50/2 = 25

score(c1y) = 30/2 =15

score(cp1) = 10

score(c31) = 10
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The Apportionment (Party-List) Profiles: PAV

50 voters:
30 voters:
10 voters:
10 voters:

C1
C11
1
31

c2 C3
C12 <3
22 €23
€32 €33

¢ G C6 cr Cs Co
Cl4 Ci5 Cie Ci7 C18 Ci19
Cq C5 Cp C7 Cg C9
C3a €35 C36 C37 C33 C39

S= {Cla 2, C3, ¢4, C11, C12}
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The Apportionment (Party-List) Profiles: PAV

50 voters:
30 voters:
10 voters:
10 voters:

C1

C11
1
31

Co C3 Ca

G5 Co 7 Cs C9

Cl2 C13 Ci4 C5 Ce C7 CG8 Cig
€ (3 €4 C5 G C7 G C9
C32 (€33 (34 C35 C36 C37 (€38 C39

S= {Cla 2, C3, ¢4, C11, C].Z}

score(cs) = 50/5 = 10
score(c13) = 30/3 =10
score(cp1) = 10
score(c31) = 10
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The Apportionment (Party-List) Profiles: PAV

50 voters:
30 voters:
10 voters:
10 voters:

Ci C2 C3
Ci1 Ci12 Ci13
C1 22 (23
C31 (€32 (33

€4 C G 7 G O
Cla C5 Cg Ci7 C8 Ci9
Cq C5 C6 C7 C28 C29
C34 (€35 (36 C37 (38 C39

S ={c, o, c,,c5c11, 12, €13, €1, C31 }
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The Apportionment (Party-List) Profiles: Monroe

10 voters: 1 C2 c3 C4 Cs Co (or4 Cs Co C10
10 voters: ciT € € € € € € € C Ci0
10 voters: cf ¢ 3 ¢ € € C7 <€ C Clo
10 voters: ci € € € € € € € C Ci0
10 voters: cf C© 3 ¢ € € C7 C G Clo
10 voters: Ci1 Ci2 €3 Ci4 C5 Ce C7 Gg C9 (€20
10 voters: €11 Ci2 C3 Ci4 Cs5 Cg Cl7 €8 Cl9 €20
10 voters: C11 Cl2 C3 Cl4 Cs5 C6 C17 €18 Cl9 €20
10 voters: C1 Cx» 3 C4 G5 Cp C7 C8 C9 C30
10 voters: €31 C32 €33 C34 C35 C36 C37 €38 C39 Cao

K=10 n/k=10
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The Apportionment (Party-List) Profiles: Monroe

c1
10 voters: ciT € € € € € € € C Ci0
10 voters: cf ¢ 3 ¢ € € C7 <€ C Clo
10 voters: ci € € € € € € € C Ci0
10 voters: cf C© 3 ¢ € € C7 C G Clo
10 voters: Cl1 Ci2 €G3 Ci4 C5 Ce Ci7 €18 C19 (€20
10 voters: €11 Cl2 €3 Ci4 Cs5 Cp €7 €18 €19 €0
10 voters: Ci1 C2 Ci3 C4 Cs5 Clg C7 Cig Cl9 €0
10 voters: €1 Cp €3 C4 C5 e C7 g 9 C30
10 voters: €31 €32 €33 C34 C35 €36 C37 €38 C39 C40

K=10 n/k=10

S = {Cl}
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The Apportionment (Party-List) Profiles: Monroe

C1
C2
10 voters: c1 & €G3 & ¢ € € € Cy Ci0
10 voters: cfL € €3 € € €C € Cg G C10
10 voters: c1 & €G3 ¢ ¢ ¢ €7 € C Ci0
10 voters: Cl1 Ci2 €G3 Ci4 C5 Ce Ci7 €18 C19 (€20
10 voters: €11 Cl2 €3 Ci4 Cs5 Cp €7 €18 €19 €0
10 voters: Ci1 C2 Ci3 C4 Cs5 Clg C7 Cig Cl9 €0
10 voters: €1 Cp €3 C4 C5 e C7 g 9 C30
10 voters: €31 C32 €33 C34 C35 C36 C37 €38 C39 Cao

K=10 n/k=10

S= {Cl, CQ}
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The Apportionment (Party-List) Profiles: Monroe

C1
C2
C3
Ca
Cs
10 voters: €11 Cl2 €13 Ci4 C5 Cg €17 C1g Cl9 €0
10 voters: €11 Ci2 C3 Ci4 Cs5 Cg Cl7 €8 Cl9 €20
10 voters: C11 Cl2 C3 Cl4 Cs5 C6 C17 €18 Cl9 €20
10 voters: C1 Cx» 3 C4 G5 Cp C7 C8 C9 C30
10 voters: €31 C32 €33 C34 C35 C36 C37 €38 C39 Cao

K=10 n/k=10

S={c,,c3,c,c5}
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The Apportionment (Party-List) Profiles: Monroe

C1
C2
C3
Ca
Cs

c11
10 voters: €11 €12 €13 Cl4 C5 C6 C7 Cg Cl9 €0
10 voters: C11 Ci2 €13 Ci4 C5 Clg C7 Cig Cl9 €0
10 voters: €1 C2 (23 (24 (5 (O C7 (28 C29 C30
10 voters: €31 C32 €33 C34 C35 C36 C37 C33 C39 Ca0

K=10 n/k=10

S={a,c,ca,a,c,c1}
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The Apportionment (Party-List) Profiles: Monroe
c1
2
c3
Ca
cs
C11
C12
C13
C21
C31
K=10 n/k=10
S ={a, e, c,a,cs, 1, ci, a3, 61, 31}
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The Apportionment (Party-List) Profiles:
Chamberlin—Courant

1
C1
C1
C1
C1

C11
C11
C11

C21

C31

K=10 n/k=10

S = {c1, 11, @1, €31, €32, €33, C34, C35, C36, C37 }
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The Apportionment (Party-List) Profiles

PAV — d'Hondt method

Monroe — Hamilton method
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The Apportionment (Party-List) Profiles

Party-List Profiles

Party-List preferences probably do not exist in “nature”. Thus, the
property of apportionment gives us “too much freedom”.
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The Apportionment (Party-List) Profiles

Party-List Profiles

Party-List preferences probably do not exist in “nature”. Thus, the
property of apportionment gives us “too much freedom”.

Proportional Approval Voting is the only approval-based rule that
satisfies symmetry, consistency, continuity and proportionality.

Piotr Skowron Multiwinner Election Rules: Axioms and Applications



See Martin Lackner's Poster!

An Axiomatic Characterization of

Proportional Approval Voting (PAV)

MARTIN LACKNER,

PloTR SkowRon

£, plotr. skoeron

Triversty o

Proportional Approval Voting (PAV)
We vt to choose 2 out 4 candidate {a, b, d} given the
approval prefrences:
s (b
i {biesd) u

(e}
{a,d)

Voters have a utiy of 1 for one approved candidate in
the committee, 1 + 4 for two candidates in the committee
14§+ 4 for 3 candidtes, etc

The commites that maximizes voter uliy s chosen

Here the score of (a, b} is 4.5, which is the maximum.

Main Result

Axiomatic characterization of PAV
Proportional Approval Vting is the only approval-based commit-
tee rule that satsfies symmetry, consistency. continuity and
'Hondt-proportionality.

Models
Fix committee size & and set of candidates
 Approval-based committee (ABC) rules: functions
from approval profie to weak orders o size-
committees
 Approval-based committee (ABC) winner rules:
functions from approval profles to non-empty ses of
size-k committees

Axioms

i ABC rule s 5 iCif s anonymous

Symmetry
and neutral

Conmitancy An ABC e 7 commutart K fo B
disjoint V, 1" C N, for A € A(C,V), A' € A(C, V"), and
for Wi, Wy € 4(C)

(0) 6 W3 0y Wa and W =509 Wa, then
Wi (s Wa. and

) W3 = W and W3 = gy W, then
Wi = riasn Wa

et

D’Hondt Proportionality

N1

o st bk oo o
ties Ny s have disjoint sts of candidates.
We want o fil 10 committe seats.

An ABC (winner) rule satisfies D'Hondt proportionality if
D'Hondt proportional committees are selected in party-list
profiles

Main technical tool

An axiomatic characterization of
committee counting functions

A committee counting function () gives the utlty
of an approval vote with z approved candidatesin the com-
ittee and  approved cancidates in toal.

i) o vt kb i he s of -
ites. Note that PAV is an example with (z,) = 321, 4
Main_ technical result (reles on Skowron, Faliszewski
Sinko 216). An ABC e i » ommites couiing rl
if and only f it satsfes symmetry. consistency, Paret
effciency, and continuty.

An ABC rule 7 s Parcto officient i

Continuty.  An ABC rule 7 s continuous 1 for
each Wi, W3 € #(C) and A, A' € A(C,V) where|
Wy, there exsts a positive integer n such

Wi =z

rianan Wa.

Piotr Skowron

for each 1V, W5 & 9,(C) and each A € A(C,

vote v € 1 we have A(v) 11V €
2 2 Wi

Multiwinner Election Rule:

Axioms and Applications



What do Voting Rules do?:

Another Approach

Bloc  SNTV

PAV

Gaussian uniform disc  uniform square  4-Gaussian
o S...-. .:. . . — n,*.; — -':..-\i’.
. e i > ~ o
\ : - \
B , % K 7...7 vg
°f "" v 2 ;,_: .\ L3
\ 5 \
—@— || | |- || = - *0‘* €
| ¢
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See Edith Elkind's Poster!

What Do Multiwinner Voting Rules Do?

An Experiment Over the Two-Dimensional
Euclidean Domain

ot Bukins, P Eassanvsi, Joan FRANGOrs LASUE, IO SKowRox!, Ao Sunko', Ninon Tausos!

o.slinkodauckland.ac.nz, et gaCL. o
University of Oxford, UK £ AGH Universty of Science and Technology + Pasis School of Economics
§ The Universiy of Auckland § Weizmann Tnstiute of Science

Experimental Setup

I esch experiment, we sample 200 voters and 200 candidstes sccording ta one of the 4 distributions: Gaussian, unform on
disc, uniform on squre, and 3 mix of four Gaussians. We then selct 3 20-member commitiee accoding to a gven multiwinner
ule. We repeat the experiment 10000 times for each voting rule. For each (distibution, voting rule) pai, we provide tro
images: a histogram (left) and a sample comittee (right). The histograms shonv how often winners from 3 given location
were selected: the higher color ntensity corresponds o higher frequency. The first row shows the disrbutions themselves.
Our results ae useful for ceciding which voting rules are suable for popular applications of multvimer voting, such 55
pariamentary elections, portfolo seecton, or shortlisting (se¢ paper).

Gaussian uniform disc uniform square 4Gaussian

I ] o]

| H"

|=]®]

EpRpnnEn
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How about shortlisting?

Committee Monotonicity

Assume that:

o for size K the rule selects a committee S,

@ for size K + 1 the rule selects a committee S,
then it should hold that S C §'.
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How about shortlisting?

Committee Monotonicity

Assume that:

o for size K the rule selects a committee S,

@ for size K + 1 the rule selects a committee S,
then it should hold that S C §'.

¥ioioy 4

23 33 5.0 6.6 8.8
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How about shortlisting?

Committee Monotonicity

Assume that:

o for size K the rule selects a committee S,

o for size K + 1 the rule selects a committee S,
then it should hold that S C S'.

¥ali s 4

23 33 5.0 6.6 8.8
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How about shortlisting?

Committee Monotonicity

Assume that:

o for size K the rule selects a committee S,

o for size K + 1 the rule selects a committee S,
then it should hold that S C S'.

¥a i s 4

23 33 5.0 6.6 8.8
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How about shortlisting?

Committee Monotonicity

Assume that:

o for size K the rule selects a committee S,

o for size K + 1 the rule selects a committee S,
then it should hold that S C S'.

¥i [l 3 [2

23 33 5.0 6.6 8.8

Piotr Skowron Multiwinner Election Rules: Axioms and Applications



How about shortlisting?

Committee Monotonicity

Assume that:

o for size K the rule selects a committee S,

o for size K + 1 the rule selects a committee S,
then it should hold that S C S'.

HERREE;

23 33 5.0 6.6 8.8
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Proportional rankings

50 voters: a1 a a3 a4 as ag ar ... ao
30 voters: by by by by bs bsg by ... bigo
10 voters: cf & € ¢ € C €7 ... Cl00
10 voters: di dr» d3 di ds ds d7 ... digo

a1 >=ay>az>as>as > dag~ar = ...
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Proportional rankings

50 voters: a1 a a3 a4 as ag ar ... ao
30 voters: by by by by bs bsg by ... bigo
10 voters: cf & € ¢ € C €7 ... Cl00
10 voters: di dr» d3 di ds ds d7 ... digo

ai-bi=a=a3=by=az=cL ...
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Proportional rankings

50 voters: a1 a a3 a4 as ag ar ... ao
30 voters: by by by by bs bsg by ... bigo
10 voters: cf & € ¢ € C €7 ... Cl00
10 voters: di dr» d3 di ds ds d7 ... digo

ait+br=a=a3=by=az=cL ...
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Proportional rankings

50 voters: a1 a a3 a4 as ag ar ... ao
30 voters: by by by by bs bsg by ... bigo
10 voters: cf & € ¢ € C €7 ... Cl00
10 voters: di dr» d3 di ds ds d7 ... digo

ay-bip-a=a3=by=az=cL ...
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Proportional rankings

50 voters: a1 a a3 a4 as ag ar ... ao
30 voters: by by by by bs bsg by ... bigo
10 voters: cf & € ¢ € C €7 ... Cl00
10 voters: di dr» d3 di ds ds d7 ... digo

al>b1>-az>a3>b2>a4>c1>-...
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Proportional rankings

50 voters: a1 a a3 a4 as ag ar ... ao
30 voters: by by by by bs bsg by ... bigo
10 voters: cf & € ¢ € C €7 ... Cl00
10 voters: di dr» d3 di ds ds d7 ... digo

al>b1>-a2>a3=-b2>a4>c1>-...
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Proportional rankings

K-group representation

Let x(c, A) be a function from ((0,1] N Q) x N to N. A ranking r
provides k-group representation (k-GR) for profile P if for all
rational @ € (0,1], all A € N, and all voter groups N’ C N that are
(cr, \)-significant in P it holds that

an(Nla rSfi(oz,/\)) > A

A ranking rule f satisfies k-group representation (k-GR) if f(P)
provides k-group representation for every profile P.
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Proportional rankings

@ «: the size of the group of voters N'.

@ \: the average number of alternatives approved by voters

from N'.

@ r(a, A): how far we need to go down the ranking to obtain
the average number of approved candidates equal to A.

Phragmén’s rule —
Sequential PAV —

p-geometric rule —>

Piotr Skowron

k(a, \) = [Z%\ + é}
2
K(a, A) = {2()\; D) ]
_ p)\Jrl
(e 2) a(p—1)
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Conclusions

Analysis of the properties of rules allow us to:
@ better understand the rules,
@ better understand the properties,

@ understand applicability of rules.
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See the Posters!

What Do Multiwinner Voting Rules Do?
An Experiment Over the Two-Dimensional

Euclidean Domain

Proportional Approval Voting (PAV)

We vant o choose 2 out 4 candidates {a,b,¢
approval peferences:

i) given the

e 2 fbek
{hc.d) o fady

Voters have 3 uiity of 1 for
the commite, 1+ o o

poroved candidate in
165 in the commitee,
for 3 candidtes, et
The Somnitae thot e oer iy i chsen
0.0} is 45, which i the msimum,

Here the score o

Main Result

Axiomatic characterization of PAV
Proportions Approval Voting i the oy pprova bsed comi.
e rle that soisfis symmetry, conisency. continity and
' Hondt.propartionsity

Models
Fix commitee size  and set of candidtes C
 Approval-based committee (ABC) rules: functons
from aporoval profle to weak orders of size-k
 Approval-based comittee (ABC) winner rules
functions from approval profles to non-empy sets of
size k- committees

Axioms

Symmetry. 2 ABC e et 1 nonymov]
and neutr

Constoncy A AGC e - o
V). A € Al

iiont V.17 C N, for A & A(C C.V"), 3nd
for W13 € 24(C),

101 500y W and 1, =50y Wa, then

Wi riaca) Wa, and

i

W2 30d Wi =) W, then
W

D'Hondt Proportionality

oo o e vors blng o cowf o
5 ... Ny nd partes have disint setsof candidtes
We wart il 10 commies st

An ABC (winne) rule satsfies D'Hondt proportionalty if
D'Hondt proportionsl commitees are seected in party st

Main technical tool
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Experimental Setup
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Questions?
Also, feel free to send any questions to:
piotr.skowron@cs.ox.ac.uk.
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