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OUTLINE

▸ Representative committees 

▸ approval-based committee rules 

▸ representation axioms 

▸ computational problems 

▸ Apportionment methods 

▸ Representative rankings 

▸ Liquid Democracy
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SETTING

▸ set of candidates C 

▸ set of voters N = {1, … , n} 

▸ each voter i approves a  
subset of candidates Ai ⊆ C 

▸ Goal: select a set W of |W| = k winners  
(the committee)
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WHAT’S WRONG WITH APPROVAL VOTING?

▸ Approval Voting (AV):  
select the k candidates with the highest approval score 

▸ variant: block voting (every voter approves k candidates) 

▸ Problem: “dictatorship of the majority”  

▸ 51% vote {c1, c2, …, ck} ⇒ W= {c1, c2, …, ck} 

▸ toy example: 4 candidates c1, c2, c3, c4, n = 9 voters, k = |W| = 3 

▸ 5 x {c1, c2, c3} 

▸ 4 x {c4}
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APPROVAL-BASED COMMITTEE RULES

▸ Minimax-AV: minimize the  
maximal (Hamming)  
distance to ballots 
[Brams, Kilgour & Sanver 2007] 

▸ Satisfaction-AV: maximize total voter satisfaction ∑i∈N sat(i), 
where sat(i) = |Ai ∩ W| / |Ai|   [Brams & Kilgour 2014] 

▸ equivalent to equal and even cumulative voting 

▸ Greedy-AV: sequentially pick candidates that are 
approved by most non-represented voters
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Toy example (k=3) 
▸ 5 x {c1, c2, c3} 
▸ 4 x {c4}



▸ Proportional Approval Voting (PAV): 
maximize total score ∑i∈N score(i,W), where  
score(i,W) = 1 + 1/2 + … + 1/ |W ∩ Ai| 
[Thiele 1895, Simmons 2001] 

▸ sequential version:  
select candidates greedily, reduce  
weights of already represented voters 

▸ generalizations: replace (1, 1/2, 1/3, …)  
with arbitrary weights 
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THIELE’S METHOD
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Toy example (k=3) 
▸ 5 x {c1, c2, c3} 
▸ 4 x {c4}

PAV scores 
▸ {c1, c2, c3} : 9.17 
▸ {c1, c2, c4} : 11.5



▸ Intuition: each group of n/k voters “deserves”  
one representative 

▸ group needs to be “cohesive” 

▸ Similarly: for each l  ∈ {0,1,…,k}, each “cohesive” group  
of l • n/k voters “deserves” l  representatives
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JUSTIFIED REPRESENTATION
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REPRESENTATION AXIOMS

▸ EJR: extended justified representation 

▸ PJR: proportional justified representation 

▸ JR: justified representation
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REPRESENTATION AXIOMS

▸ EJR 

▸ PJR 

▸ JR
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Greedy-AV

PAV (Thiele’s method) 
‣ not for the sequential version! 
‣ not for any other weight vector!

Many rules fail JR: 
AV,  Minimax-AV,  Satisfaction-AV,  …



MARKUS BRILL: APPROVAL VOTING, REPRESENTATION, & LIQUID DEMOCRACY

COMPUTATIONAL COMPLEXITY

▸ PAV satisfies EJR, but is NP-hard to compute [Skowron et al. 2015] 

▸ Open: are there polynomial-time rules satisfying EJR? 

▸ checking if a committee provides EJR is coNP-complete
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COMPUTATIONAL WORK ON PAV 

▸ checking PAV is coW[1]-hard w.r.t. k [Aziz et al. 2015] 
▸ FPT algorithms [Elkind & Lackner 2015, Skowron 2015]  
▸ restricted domains [Peters 2016] 

▸ approximation [Skowron et al. 2015]
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PHRAGMÉN’S RULE

▸ Proposed by Swedish mathematician 
Lars Edvard Phragmén (1863—1937) 

▸ Sequential “load balancing” procedure: 

▸ at each step, a candidate c is chosen  
and one unit of “load” is distributed  
among the approvers of c 

▸ goal: make distribution of loads as “even” as possible  
(i.e., maximal load as small as possible) 

13



MARKUS BRILL: APPROVAL VOTING, REPRESENTATION, & LIQUID DEMOCRACY

PHRAGMÉN’S RULE: EXAMPLE

▸ 6 candidates c1, c2, c3, c4, c5, c6  

▸ k = |W| = 4 

▸ n = 7 voters: 

▸ 3 x {c1, c2, c3, c4} 

▸ 1 x {c5, c6} 

▸ 1 x {c1, c2, c3} 

▸ 1 x {c1, c2} 

▸ 1 x {c1, c6}
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Committee:
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PHRAGMÉN’S RULE: RESULTS

▸ Phragmén’s rule satisfies PJR 

▸ thus: PJR committee can be found efficiently! 

▸ if k divides n, GreedyMonroe-AV satisfies PJR as well 

▸ Phragmén’s rule fails EJR 

▸ Open problems: 

▸ complexity of finding  
an EJR committee 

▸ complexity of checking whether a committee satisfies PJR
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APPORTIONMENT
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▸ Apportionment is a special case of committee selection 

▸ voting for a party = approving all candidates of that party 

▸ Every committee rule induces an apportionment method

Proportional 
Representation

Friedrich Pukelsheim

Apportionment Methods 
and Their Applications



Apportionment Methods: 

D’Hondt method  
(aka Jefferson method) 

Hamilton method  
(aka largest remainder method) 

Sainte-Laguë method  
(aka Webster method)

Committee rules: 

PAV 
(Thiele’s method) 

Phragmén’s method  
(sequential version) 

Monroe-AV 
(optimal version of 
GreedyMonroe-AV)  

Phragmén’s method 
(variance-version)

if k | n
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REPRESENTATIVE RANKINGS

▸ Same input, but different output: ranking of candidates 

▸ Sequential committee rules naturally produce rankings 

▸ When is a ranking representative?
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PROTECTION OF MINORITIES IN LIQUID DEMOCRACIES
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The Principles of 
LiquidFeedback  
(Behrens, Kistner,  
Nitsche, Swierczek)
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OTHER RESEARCH PROBLEMS INSPIRED BY LIQUID DEMOCRACY
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▸ Delegated voting 

▸ dealing with delegation cycles,  
abstentions, … 

▸ Preference elicitation  
(e.g. participatory budgeting) 

▸ Desirable properties  
(e.g. independence of clones) 

▸ Strategic aspects 
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