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Abstract

Two players are allowed to communicate repeatedly through a mediator and then
have direct communication. The device receives private inputs from each of the two
players and produces as a public output a fixed deterministic function of the inputs.
After the communication terminates, the players play an arbitrary finite complete
information normal form game. We show that any correlated equilibrium of the
original game can be approached as e—Nash equilibria of the game extended with
the communication phases. In particular, the mediator is the same for all games and
for all equilibrium distributions.

Keywords: communication device, correlated equilibrium, repeated communica-
tion, detail-free mechanism

1 Introduction

The concept of correlated equilibrium (CE)(Aumann 1974) assumes a mediator who ran-
domizes over the action profiles and then sends private messages to the players. These
private messages can be interpreted as suggested actions for the players. The players fol-
low the suggestion if it is a best play given their information about the other player’s
action. By the help of a such mediator the players can coordinate their actions. Moreover,
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such an extension of a game enlarges the set of equilibrium payoffs. The problem is that
the mediator has to be tailor-made to the game and distribution at hand.

A plausible question is whether there exists a common mediator who can help the players

to implement any CE of any game. This is the idea of Wilson’s (1987) ” detail-free” mech-
fem

anism .

Our answer to the question is positive. We suggest the following protocol. Two play-
ers are allowed to communicate repeatedly through the mediator AND. The AND device
receives as inputs 0 or 1 from each of the two players, and produces as an output 1 if both
inputs were 1, and 0 otherwise.

AND |0 |1
00
1 0]1

After the mediated communication terminates, the players engaged in a direct repeated
communication phase where the messages are sent simultaneously. Finally the players play
a finite complete information normal form game. We show that any correlated equilibria
of the one-shot game can be approached as e—Nash equilibria of the game extended by the
mediated and direct communication phase.

Several articles investigate how to circumvent the necessity of the mediator or, at least, in
some sense minimize his duties as the game or the implemented CE varies. An important
result is that two players can solve the communication problem without any mediation if
they are computationally restricted (Urbano, Vila 2002), otherwise a third party is needed.

Lehrer (1996), Lehrer and Sorin (1997) and Vida (2003) show how the players can replace
fortune and avoid the use of private messages from the mediator. That is, the mediator’s
task is to make public announcements, which are deterministic functions of the players’
private messages. However, in all solutions proposed in these papers, the mediator has to
be tailor-made to the particular game or CE at hand.

Lehrer (1991) studies the AND mechanism in the context of infinitely repeated games
with imperfect monitoring. He shows that any correlated distribution can be generated by
a jointly controlled correlation phase. Deviations in this phase can be statistically detected?
and punished immediately. However, in the case of a one-shot game extended by repeated

!'Thanks to Andrew Postlewaite for pointing out this connection with the literature.
2By the help of the reporting phase otherwise undetectable deviations can be ruled out.



communication through the AND no correlation can be achieved securely®(Gossner and
Vieille 2001).

In this paper we find that direct communication after the repeated mediated communica-
tion phase resolves the sharp contrast between the two results above!. We apply Lehrer’s
(1991) protocol and show that by repetition it becomes incentive compatible even in the
case of one-shot games. The main idea is that by direct communication the players can
jointly choose one of the instances of the jointly controlled correlations. Then, the players
reveal all their past messages except those corresponding to the chosen correlation phase.
The choosing and the reporting phase® have to be done through simultaneous direct com-
munication. This is why direct talk is essential to achieve incentive compatibility.

Our conjecture is that the same idea leads to "universal” implementation of the set of
communication equilibria (Forges 1986, 1990) in case of games with incomplete informa-
tion with two or three players (see the corresponding result of Ben-Porath (2003)).

The paper is structured as follows. Section 2 shows an easy example in the case of the
chicken game and introduces some terminology. In section 3 we go to the general notation
and concepts and we state the result. Section 4 contains the proof accompanied by an
elaborated example. Finally we conclude.

2 Example

We take a simple 2 x 2 game and one of its correlated equilibria. First we show how
Lehrer’s protocol generates the desired distribution when the players do not deviate from
the prescribed randomization. Second we stress that players have incentive to deviate and
by manipulating the protocol induce a distribution that is more favorable for them. Then
we show that by repeating the procedure such deviations are going to be detectable statis-
tically and could be punished. Another problem arises by the repetition of the protocol.
Namely the players cannot coordinate on which instance of the repetition they should play.
Obviously, none of them can suggest one of the instances nor can they agree in advance.
The problem is solved by the direct communication phase. This gives the players the

3Secureness is a more demanding property of a protocol than maintaining equilibrium (see Goss-
ner(1998))

4However our protocol is still not secure. Our incentive compatibility condition is e-Nash equilibrium
of the extended game

®Introduced by Lehrer (1991).



possibility to jointly choose a stage of the mediated phase and coordinate their actions

accordingly. Because of the simple structure of the distribution there is no need for the

reporting phase®. Consider the chicken game”:

Al O 1
0166 |27
117200
A correlated equilibrium distribution of the game:
w01
T 1
11710

The players send their ”intended actions” privately to the mediator, who notifies them
(announcing publicly 1) in case the intended action-profile was (1,1). That is by using the
AND he computes the public signal.

AND |0 |1
0
1 0]1

Notice that whenever a player sends 1, she will be able to infer the message what the other
player has sent.On the other hand if she sends 0 she gets no information about the other’s
private message.

Let the players send messages until the first 0 public announcement is made. We say
that this communication round of length p = 1 was successful. Consider the communi-
cation strategies such that the players are randomizing between 0 and 1 with probability
(2,1). The induced distribution on the message profiles is:

373
Pl0]1
4 1 2
Jlgl9
11515

Hence conditional on the event that the public announcement is not 1, the believed prob-
abilities over the sent message-profiles are exactly:

P(]0) ? }
0 15|73
1 [;]0

5The example in the proof can show the necessity of such a phase.
"The game is due to Aumann and the example is due to Lehrer.
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So, the players could peg their strategies to their information available and play the cor-
related equilibrium p by simply playing as their intended actions were at that round.

Obviously, this protocol is manipulable, since for example the row player has incentives to
send 1 always, and play his preferred equilibrium (1,0). Notice that doing so the induced
theoretical distribution on the message-profiles is changed to:

Plo]1
0/00
2 |1
L1313

To make the protocol incentive compatible we need to make these deviations detectable.
So we suggest the following. The players repeat the above process, that is randomize again
with (%, %) until another successful round occurs. This is going to be the second success-
ful round. The exact time of the first and second successful rounds are random variables
(K1, ko). Now let players repeat the mediated communication until 7" = 16 successful com-

munication round has occurred.

Now the players can perform a standard statistical test about the randomization of the
opponent. This is due to sending the message 1 reveals the other’s message. Put it simply,
1

the ratio of the public announcements 1 has to be close to 5. If T' is big enough any

deviation in the above randomization is statistically detectable.

The players should coordinate on one of the successful rounds x* and play accordingly.
After the mediated communication phase letting the players communicate directly allows
them to jointly select one of the successful rounds. This can be done by a simple jointly
controlled lottery on 1, ..., <. By mixing their messages with probabilities (0.5,0.5) for
O =logT = log16 = 4 times repeatedly. If the resulting direct communication sequence
was:

(0,0),(1,0),(1,1),(0,1)
the "interpretation” of these message pairs can be fixed as follows:

(0,0)=0,(1,0) =1,(1,1) =0,(0,1) = 1

We define the players decision rules after the communication terminates as: ”Choose the
action you intended to move” in the:

020+ 152" +0%22+1%2%=10th

ot



successful round of the mediated communication (that is the * = k19th round of the whole
mediated communication), if no deviation was detected. Otherwise play 1, that is your
punishment strategy.

Notice that the direct communication round in fact selects a successful communication
round with equal probabilities in a non-manipulable way, that is selects an action profile
with probability distribution close to pu.

Since the min max payoffs are always less than or equal to the correlated equilibrium
payoffs no players have incentives to deviate from the prescribed communication strategy
and decision rule. Moreover if no deviation took place then the players conditional beliefs
about the other player action (knowing their own) coincides with that of in pu.

The method can be generalized to other CE distributions. For example if the players
like to implement:

w01

1 1
01313
1510

all they have to do is to change their randomization in the mediated phase to (0.5,0.5).

More complicated distributions, for example

//01
2 1 1
SHEAE
11515

need more mediated stages (p > 1). That is a mediated round can be longer than 1. These
kind of distributions also give rise other possible deviations which cannot be detected statis-
tically. In these cases the reporting phase can make Lehrer’s protocol incentive compatible
(see the details in the proof).

3 Concepts and the result

This section is devoted to introduce a general notation to describe the game extended with
the various communication phases. At different stages of the communication the players
have different information concerning the past. Moreover, at every stage they learn some
new information which depends on the message they have sent and whether the stage was



mediated or not. After fixing the timing we define the strategy space of the extended game.
Finally, we are ready to state the main result.

3.1 Notations

Consider a general finite 2 player normal form game with complete information G = (g, A),
where A = A' x A? the set of action-profiles and ¢' is the payoff function for player
i € {1,2}. We follow the notation of Gossner and Vieille (2001). M? = {0,1} is the
players’ message space. To simplify the notation label the different input combinations as:

h(m) 0 1
0 a ¢
1 b *

The AND signaling function [* for player 1 can be described as 1*(0,.) = {a,c} and
['(1,0) = {b} and I'(1,1) = {*}. ' induces P' = {{a,c},{b},{*}} an information parti-
tion. For player 2 symmetrically it is P? = {{a, b}, {c}, {*}}. Let the players send messages
m, = (ml, m?) simultaneously for 0 < n € N. Player i is told I’(m,,) € P".

The set of plays at time n is H, = {a,b,c,*}" and denote Hy, = {a,b,c,*}". We denote
h(m,) the play at stage n. Prior to sending the message in stage n the information avail-
able for player i is H! an algebra generated by the cylinder sets of the form hf x H,
where hi € (P)" is a sequence of n elements. Denote H:_ = o(H: ,n > 0) the o-algebras
over H., generated by these o-algebras. Define H, similarly. Given a finite set E denote
AFE the set of probability distributions over the set E.

Fix a p € N and denote for & > 1 th = (h(m@-1)p), ..., h(mrp-1)) € Hp, that is the
kth p-coordinates of a given play h. We call xh the kth communication round of length p.
Say that the communication was successful in the kth round, if yh does not contain {x}.
Let 1 < k1 < ... < kr denote the first T" successful rounds.

Assume that after xkyp stages of the mediated communication the players communicate
directly. Let t > 0 denote the tth stage of the direct communication. The information
partitions corresponding to the trivial signalling functions of the direct communication are
Pi = {{a},{b},{c}, {+}} for i = 1,2. The information available for player i at stage krp+t
can be described by the o-algebra wap ® 2,

3.2 The extended game

Now we fix the timing of the extended game and define its strategy-space.



Consider the following timing;:

1.

2.

3.

the players communicate under the mechanism AND until T" successful communica-

tion round of length p occurs®,

at stage kpp start communicate directly and simultaneously O+ krp times repeatedly

finally choose an action.

PICTURE FOR THE PROXIES

Denote the extended game with I',(7"). The strategy space of the extended game is:

1.

. the direct communication strategies: 7

the communication strategies through the AND: o' = (0'),>0, where o' is H’-
measurable mapping to AM?.
i

- (TtZ>O+I€Tp>t207 where th 18 H;Tp ® 27¢-

measurable mapping to AM?

decision rules p* H., ,®2"0+~rr-measurable mapping to AA? and p’, H -measurable

if there were no T successful rounds.

Denote m = (o, T, p) a strategy profile of the extended game. There is an induced distrib-
ution Py on (Hy X Hyo X A, Heo @ Hoo @ 24).

3.3

The result

We are ready to state the main result.

Definition 1 7 is e-Nash equilibrium of the extended game, if for any i and 7"

Ep,g'(a) +e>Ep,, .g'(a).

™

Definition 2 An information structure on a set A is a probability distribution pu over A.
An element a = (ay,as) € A is chosen with probability u(a), then player i is informed of
the component a;.

8If this event does not occur, the players communicate infinitely long and then play according to pso
see below.



Definition 3 An information structure p on A is a correlated equilibrium of G if and only
if
mE}X Eu(a2|a1)gl(a,17 a2) = E,u(a2|a1)gl (ala a?)

ay

for all ay € Ay, and for player 2 similarly.

Theorem 1 For any correlated equilibrium p of G there exists an extended game I'y(T)
and a 7 such that Py is close to o and 7 is an e-Nash equilibrium of this extended game.

To state the theorem formally, let us introduce a distance function on AA as d(u,v) =
maXeea |p(a) - v(a)|.

Then for any e and ¢, for any finite G = (g, A) and for any p € AA such that p is a
correlated equilibrium of G, there is I',(T") and a 7 such that d(P,p) < § and 7 is an
e—Nash equilibrium of the extended game.

4 Proof

We fix a game G and one of its correlated equilibrium distributions p. We construct a
strategy-profile 7 and then show that it generates a distribution P, d-close to p. Finally
we show that 7 is an e-Nash equilibrium.

We follow the proof through the example introduced in section 2. Let us consider the
chicken game again, but now take the following distribution:

w01
2 |1
R
L1513

Fix a G and a u € AA such that p is a correlated equilibrium of G. Fix e > 0 and 6 > 0.

4.1

In this section we describe a strategy-profile . We proceed step by step. First we define
o, then 7 and finally p.



4.1.1 Lehrer’s protocol by the AND, the o

During the mediated phase the players communicate according to o, which builds up by
repetitions of Lehrer’s communication strategy. Let us introduce an auxiliary table:

1 1 2 3 4
SESE NN
2| 5 | [0 ] 5
3] 5 [0Q) [ 55 [003)
204 & o) | &

Number the Os in the table starting with 0 from the top to the bottom from the left to
the right. For example the 0 in the third row fourth column has number 3. There are 6
zeros so let p = 6 and define o, = (0, ...,0,_1) as follows. The players randomize over 4
different 6 long message sequences with probability %; The row player:

R 4

o] Nen) Nenl B Raw)
OO = O =
OO O
(el Nen) Nen) NOV]
| OO O Ot

=] QL DN =
[l =] Hev) Nan)

The interpretation of these sequences is that the row player communicates which row she
was choosing in the auxiliary table. The players are basically answering yes (1) no (0)
questions concerning the Os in the table. For example if the row player communicates
according to 3, she is answering with yes to the Os numbered 2 and 3. Similarly for the
column player:

Cl0]1]23[4]5
11010]0{0]1]0
210/0(1]0]0/0
310[1]0/0[0][1
411/0[0[1]01]0

By choosing one of the rows and columns in the auxiliary table the players in fact choose
an "intended” action. This is given by the following function (3 for the row player, player
1, and for the column player, player 2:

pH(1) = B1(2) = (1) = B*(2) = 0,4'(3) = 5'(4) = B*(3) = *(4) = 1.
Lehrer’s protocol can be describe as follows:

10



1. Each player chooses a number 1,2,3,4 with probability }1,
2. the players communicate for 6 stages according to the chosen number,

3. if the mediator did not make the public announcement 1, the players play according
to B, that is when the communication round of length 6 was successful,

4. if there was a public announcement 1, the players repeat the procedure.

One can see, that the induced distribution by Lehrer’s protocol is exactly the desired one.
Formally, let 3': H, — A’ interpretations H}-measurable mappings. We call 71, = (o, ()
an L-protocol of length p, where o} = (0§, ...,0},...,0,_;) Hj-measurable mappings, com-
munication strategy under the mechanism AND. Clearly there is an induced distribution
Py, by 7, on (H, x A,’H, ® 24). Denote its marginal on H, by P,,. Denote S C H, the
set of plays which contain no {x}, that is the set of successful rounds. Note that S € H,

for all 1.

Proposition 1 Lehrer(1991) (JCC): For any finite A and p € AA there is a p and 7,
L-protocol, such that Va € A:

Py (a=alS) = p(a = a),

P,

TL

(2> = .[a",5) = P;, (a® = |H, N S),
The last equality holds if we interchange 1 and 2. Moreover for i = 1,2 3\h, such that

Py, (hylhi, 5¢) = 1.

The first condition states that, conditional on the event that the players have not got a
{*}, the induced conditional distribution on A is exactly p.
This can be seen in the example, if one aggregates the columns and rows according to (.

The second condition states that, on the sub—o—algebra, where there is no {*}, a' is
a sufficient statistic for a? under P,,. This means that when a player learns her h;, her
information about the other player’s action is u(a™|3(hi), S), that is exactly the same as
she would have learnt her action.
Assume that the row player was communicating according to row 3 and the column player
according to column 1 in the auxiliary table. That is the sent messages were:

R:0,0,1,1,0,0

11



¢:0,0,0,0,1,0

and the resulting public announcements correspondingly:
0,0,0,0,0,0.

The row player learns that the column player was not choosing the second and the fourth
column in the auxiliary table, so she believes that the column player plays with probability
0.5,0.5 her action 0 or 1. This is exactly u(as|8'(3)).

The column player learns that the row player was not choosing the fourth row in the aux-
iliary table, so she believes that the row player plays with probability % her action 0 and
5 her action 1. This is exactly u(a;]62(1)).

Finally the last property of 7, says that whenever a player observed a {x}, she knows

P,, almost sure the realized play h, given her information h;.

Assume that the row player was communicating according to row 4 and the column player
according to column 1 in the auxiliary table. That is the sent messages were:
R:0,0,0,0,1,1
C:0,0,0,0,1,0
and the resulting public announcements correspondingly:

0,0,0,0,1,0.

That is each player knows which column or row the other has chosen. Thus the players
know the sent messages of the other and so they know the resulting play.

As we pointed out in the introductory example, Lehrer’s protocol is manipulable. For
example player 1 is better of by choosing always 3 or 4 and communicate accordingly and
after a successful communication round she can play action 1. However if the players do
not play after the first successful round, but they repeat the communication according to
o, sufficiently many times, these kind of deviations are statistically detectable.

For 7, define the communication strategies under the mechanism AND by:
o = llkenoy,

that is, o builds up of independent repetitions of ;.

12



4.1.2 Direct Talk

After the mediated communication, the players send direct messages simultaneously for
O + krp stages. In the first O stages the players conduct a jointly controlled lottery which
allows them to mark and coordinate on one of the successful rounds.

In the last xk7p stages called the reporting phase, the players reveal their past messages of
the mediated communication phase, excluding the round picked by the jointly controlled
lottery. This phase is needed to avoid statistically undetectable deviations, such as spying
strategies, in the mediated phase.

Let 1 < Ky < ... < kp denote the first T successful rounds, that is ,,h € S for
se{l,...,T}.
Jointly Controlled Lottery

The players want to coordinate on one of the successful rounds and play an action accord-
ing to their "intended” action [ in that round.

Let O = logT and define the first O coordinates of 7 as 77(.)(0) = 7/(.)(1) = 0.5 for
t € {0,...,0 — 1} whatever the communication history was so far, that is 7° randomizes
uniformly on M* at first log T stages independently, no matter what happened in the past.
Let f: Ho = {{a},{b},{c}, {*}}° — {1,...,T} be a surjective mapping such that a and
x, and b and c¢ are interchangeable.

Proposition 2 Aumann et. al. (1995)(Jointly controlled lotteries): Such an f function
exists and by the first O coordinates of T induces a uniform distribution on {1,...,T} in
a way that no unilateral deviation from T affects this distribution.

Intuitively, the first O stage of the direct talk allows the players to choose jointly and
uniformly one of the successful rounds of the mediated communication phase. Denote

K= Kj(ho)
the jointly chosen successful round. If players then play according to
ﬁ (H*h)

their ”intended” action in the corresponding successful round, then the protocol induces
the same distribution and same information structure as that of Lehrer.

Reporting phase

13



In this phase of the direct talk the players reveal all their past messages they have sent in
the mediated rounds excluding those from the one selected by the jointly controlled lottery.
This phase can rule out otherwise non-detectable deviations in the mediated phase.

For example the row player can randomize with 0.25,0.25 communicating according to
the first and second row of the auxiliary table and choose a ”spying” strategy otherwise.
The row player can send message 1 when the question is about the 0(2) and 0(4), if there
were no 1 public announcement. Doing so the row player can get the knowledge that the
column player is going to play her action 1. Then in another round the row player can
send message 1 when the question is about the 0(3) and 0(5), if there were no 1 public
announcement. Doing so the row player can get the knowledge that the column player is
going to play her action 0.

This kind of deviation cannot be detected statistically because it induces the same dis-
tribution p however the row player information is more than needed for the information
structure p. Notice also that this deviation is not just a shifting in the randomization o}
but uses communication strategies which are outside of the support o}.

If in the reporting phase the players have to reveal their past messages, then a spying
player has to lie about her sent messages. These lies can be detected with positive prob-
ability. For example when the row player was spying for 0(2) and 0(4), she has to lie but
she does not know that the column player was communicating according to column 3 or 4.
Then it can be the case, that the column player gets a contradictory report from the row
player.

Define 7/(.)(m") = 1 if and only if m} = m' for t = n + O for kyp > n > 0 but let
72(.)(0) = 7/(.)(1) = 0.5 for (* — 1)p < n < k*p— 1. In words, the players send their past
messages of all the mediated communication phase, but they randomize when the corre-
sponding stages are about the successful round chosen by the jointly controlled lottery. We
refer to such a direct communication strategy in the reporting phase as true reporting.

At the end of the unmediated communication at time prr + O + prr the players face
a play h = (hwyp, ho, hy,,,) given their information structures H;, , ® 2"o+~r#. Notice that
under a true reporting strategy ph = b’ for k # k*. We say that a lie was detected by
player ¢ in the reporting phase corresponding to the round in the mediated communication
phase different from x* if and only if ,h/ contradicts with ,h¢. Formally when:

P, (B | xh") =0

14



Which means that player i has sent ;h® in round % of the mediated communication phase
but player —i has sent ,A'~% in the reporting phase, when she had to send ,h~% what she
has sent in fact in the mediated phase. So if ,A'~% is incompatible with ,h* according to
oy, then player —i was caught out in a lie.

Let L' = {h | Vk # k*,P,,(xh' | xh') > 0}. That is the set of histories where no lie
was detected by player 1.

4.1.3 Statistical Testing, C(v)

After the reporting phase the players perform a statistical test on the revealed messages of
the other. If the empirical frequency of the revealed messages is close to the distribution
induced by o, the players accept the hypothesis that the other player was communicating
according to op.

Now assume that x7 repetitions of the mediated communication rounds of length p have
been made and there were T successful rounds. After the direct communication set
h = (hurp, ho, hy,,,) as the realized play.

For an h, let Iy, ( xh') = 1if zh' = h, and 0 otherwise. That is I}, counts the num-
ber of h, in k. Set

_ lej:il,k;én* [hp( kh,)

IiT—l

Ph(hp>

is the empirical relative frequency of h, in the report h;Tp. This frequency, under the true
reporting strategy, corresponds to the distribution P,, (h,).

Let us set the players confidence set for some v as follows.
C(y) = {hlmax |P(hy) = Fo, (hy)| < 7}

That is in C player ¢ accepts the hypothesis that, in fact player —¢ played according to
ot

4.1.4 Decision rules, the p
Given G let ' € AA? the punishing strategy of player i against player j, that is:

z'=arg min max g'(y", ).
yiEAAL yieAAI
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Define the decision rules as follows for h = (hyp, ho, b

;TP)
pl(h) = ﬁl( fif(ho)hi)'
for h € L' N C(v) and z* otherwise.

In words, player i plays according to the interpretation 3 in 77, respecting the s = f(ho)th
successful round of the mediated communication (that is the k* = k, round) if he accepted
the hypothesis that player j was communicating according to ¢/ and he was not caught
out in a lie in the report phase. Otherwise player i punishes j with .

Proposition 3 7 is well defined.

Proof: It is plain by the construction. m

4.2 Close to i for the o

In this section we prove that the induced distribution can be close to p if the mediated
communication phase is long enough. Intuitively, by the law of large numbers the realized
history fall in C'(y) and so players play according to 5. Thus the induced distribution is
that of P, which by construction equals x.

Lemma 1 For any vy, there is a T(7y) such that d(Py, ) <9

Proof: It is clear that conditional on C' the players have expectations P, (a|C) = u(a).
This follows by Proposition 1 and 2 and by the construction. That is due to the independent
repetitions of o7 and the uniform selection from the successful rounds by 7. Also

P.(a) = P,(C)P:(a|C) + (1 — P,(C))Pr(a]C°),

thus if we can make P,(C') close to 1, than the P, will be close to f.

Notice that xr is a negative binomial random variable with success probability B,, (S) < 1
and parameter 7. Thus as T increases kp — T increases as well. So for T big enough by
the weak law of large numbers for independent identically distributed random variables

(Feller (1971)):
P,(C)>1—0;3

for any 3. In words, both players will accept their hypothesis with arbitrary high (1 — d3)
probabilities even if 7 is small. Then

d(Pr, 1) <0

for any 0 if 03 is small enough and T is big enough. m
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4.3 Deviations for the e

In this part of the proof we show that none of the players can gain more than € by deviating
from .

Proposition 4 Lehrer (1991): Any lie is detected with positive probability.

Corollary 1 The players always conduct a true reporting strategy. As a consequence, the
only possible deviation in the communication phase is shifting the probabilities of or,.

Now we have to check that:
€2> IEl”,r/2y,r1 92(a) - EPﬁg2(a)'
for all 7.

We have seen in Proposition 2 and in the corollary above that deviations in the first
O stages of 7 are useless and that players do not want to lie in the reporting phase. Thus
we have to concentrate on deviations in ¢ and p.

4.3.1 Deviation in p, given o

Conditional on a certain play in C| player 1 has expectation:
Py (a® = a’| ', S) = p(a® = a®|B'( 1)),
by the second equality in Proposition 1.

Thus in C' players want to follow p because p is a correlated equilibrium. On the other
hand P,(C°) is very small, so by deviating from the punishing action players cannot gain
more then e.

4.3.2 Deviation in ¢ and p

First notice that by the construction, any deviation in o2 is equivalent® with independent

repetitions of some o/?. Thus we just deal with deviations in o%. Let us write o’ = (o, 0").

We need an equivalent definition of a correlated equilibrium:

9In expected terms due to player 1 independent repetitions of o} and the uniform selection caused by
7!
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Lemma 2 p € AA is a correlated equilibrium of G, if and only if the following condition
holds for all v : A7 — A7 and symmetrically for i:

Eugj(a) > Eugj(ai, r(a’))
We set an appropriate v for the confidence set and a T to maintain the e-constraint.
Proposition 5 There is a v and T such that for any deviation 7> = (¢, 772, p'?):
¢ Er, ,¢"0) ~ En ¢ (a)
Proof: For any d, there is a v and a T such that for any deviation 7% = (¢/2, 72, p'?):

maxEp , L 9°(a) < maxE,g*(a', r(a?))
where 7 : A> — A% and v € AA such that d(v, pu) < dy.

Set D = maxjeq193 D7 and DY =3, ¢7(a). Set v and T such that d; < 55. Then
Ep.g%(a) > Eug*(a) — 04D,
E,g*(a',r(a®)) < E,g°(a)

since p is a CE. Then we have

maxE,¢*(a’,r(a%)) — Eug*(a) < E,-g*(a’,7*(a”)) — Eug®(a’, 77 (a%)) < 64D,

v,r

where v*,r* are the arg max. Finally:

€ €
gtz EPW,%ng(G) —Ep,g°(a).

The same is true for player 1. m Q.E.D.

5 Conclusion

Given a two-player finite normal form game and one of its correlated equilibrium distrib-
ution we defined an extended game, where the players’ communication strategies generate
the desired distribution as a Nash equilibrium of the extended game.

The extended game have two phases: a mediated one, through the mediator AND, and a
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direct communication phase. Each phase has several stages.

Our result is important because with a fix public mediator the players can obtain any
correlated equilibria of the original game as Nash equilibria of the extended game.

We hope to consider a similar setup, where the procedure can be interpreted as a bar-
gaining process for correlated equilibria.

References

1]

2]

[10]
[11]

Aumann, R.J. (1974). ”Subjectivity and Correlation in Randomized Strategies”, .J.
Math. Econ. 1, 67-96.

Aumann, R.J. and Hart, S. (2003) "Long Cheap Talk”, Econometrica 71, 6, 1619-
1660.

Aumann, R.J., Maschler, M.B., Stearn, R.E. (1995) ”"Repeated Games with Incom-
plete Information”, MIT Press

Ben-Porath, E. (2003) ”Cheap talk in games with incomplete information” Journal of
Economic Theory, 108, 1, 45-T1.

Feller, W. (1971) "Law of Large Numbers for Identically Distributed Variables.” 7.7
in An Introduction to Probability Theory and Its Applications, Vol. 2, 3rd ed. New
York: Wiley, pp. 231-234

Forges, F. (1986). ” An Approach to Communication Equilibrium”, Econometrica 54,
1375-1385.

Forges, F. (1990). ” Universal Mechansims”, Fconometrica 58, 1341-1364.

Gossner, O. (1998). ”Secure protocols or how communication generates correlation”,
Journal of Economic Theory, 83, 69-89.

Gossner, O. and Vieille, N. (2001) ”Repeated communication through the and mech-
anism”, Int. J. Game Theory 30, 41-61.

Lehrer, E. (1996). ”Mediated Talk”, Int. J. Game Theory 25, 177-188.

Lehrer, E. (1991). ”Internal correlation in repeated games”, Int. J. Game Theory 19,
431-456.

19



[12] Lehrer, E. and Sorin, S. (1997). ”One-Shot Public Mediated Talk”, Games and Eco-
nomic Behavior 20, 131-148.

[13] Urbano, A. and Vila, J.E. (2002). ” Computational Complexity and Communication:
Coordination in Two-Player Games”, Econometrica vol. 70, 1893-1927.

[14] Vida, P. (2003). ”Path-depentdent Mediated Talk”, mimeo UAB.

[15] Wilson, R. (1987). ”Game Theoretic Approaches to Trading Processes ”, in Advances
in Economic Theory: Fifth World Congress, ed. by T. Bewley, 33-77, Cambridge
University Press.

20



